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ON FACE NUMBERS OF
NEIGHBORLY CUBICAL POLYTOPES
LA´SZLO´ MAJOR
Abstract. Neighborly cubical polytopes are known as the cubical analogues of the cyclic
polytopes. Using the short cubical h-vectors of cubical polytopes (introduced by Adin), we
derive an explicit formula for the face numbers of the neighborly cubical polytopes. These
face numbers form a unimodal sequence.
The vector a = (a0, . . . , ad−1) is called unimodal if for some (not necessarily unique) index
i, (a0, . . . , ai) is non-decreasing and (ai, . . . , ad−1) is non-increasing. If that is the case, we
say that the unimodal vector a peaks at i. The question of unimodality of the members of
certain classes of vectors has been of long-standing interest in algebra, combinatorics and
geometry (see e.g. [4, 14]). The proof of unimodality of a = (a0, . . . , ad−1), when all ai > 0,
is sometimes (as in the case of Proposition 2) based on proving the stronger property of
log-concavity (ai−1ai+1 ≤ a
2
i for all 1 < i < n).
By f -vector (or face vector) we mean the vector (f0, . . . , fd−1), where fi is the number of
i-dimensional proper faces of a d-polytope. The unimodality of face vectors of certain classes
of polytopes is also extensively studied (see e.g. [3, 5, 9, 12, 17]).
The d-cube (denoted by Cd) is a polytope combinatorially equivalent to the unit cube [0, 1]d.
Let P be a d-polytope and let 0 ≤ r ≤ d. The r-skeleton of P is the union of the r-dimensional
faces of P . A d-polytope is called cubical provided all its facets are combinatorially equivalent
to the (d− 1)-cube. A cubical d-polytope is called neighborly cubical provided its (⌊d2⌋ − 1)-
skeleton is combinatorially equivalent to the (⌊d2⌋ − 1)-skeleton of a cube. If this cube is the
n-cube (n ≥ d), then the neighborly cubical polytope in question has 2n vertices.
The concept of neighborly cubical polytopes was introduced by Babson, Billera and Chan
[2]. Joswig and Ziegler proved in [6] that there exists a d-dimensional neighborly cubical
polytope with 2n vertices for any n ≥ d ≥ 2. They constructed neighborly cubical polytopes
as linear projections of cubes.
The f -vector of a neighborly cubical polytope is determined by the parameters n and d.
According to the definition, the first half of the f -vector of a neighborly cubical d-polytope
(with 2n vertices) is identical to the first half of the f -vector of the n-cube. Formally, if P is
a neighborly cubical d-polytope (with 2n vertices), then
(1) fi(P ) = fi(C
n) = 2n−i
(
n
i
)
for 0 ≤ i ≤
⌊d
2
⌋
− 1
The following important combinatorial invariant of a cubical polytope is introduced by
Adin [1]. Let P be a cubical d-polytope with f-vector f = (f0, . . . , fd−1) and let H be the
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d× d matrix given by
H(i, j) = 2−j
(
d− i− 1
d− j − 1
)
, for 0 ≤ i, j ≤ d− 1
Define the short cubical h-vector h(sc) = (h
(sc)
0 , . . . , h
(sc)
d−1) of P by h
(sc) = f·H−1. Equivalently,
the face vector of P can be expressed by
(2) f = h(sc) ·H
In the sequel, we call the vector h = (h0, . . . , hd−1) = 2
−d · h(sc) scaled short cubical h-vector
(or scaled h-vector for short) of P . The scaled short cubical h-vector of a neighborly cubical
polytope is a symmetric vector of integers (see Lemma 1 and Proposition 1), just like the
short cubical h-vector (h(sc)) of any cubical polytope.
For example, each component of the scaled h-vector of a cube is 1 and the scaled h-vector
of a 4-dimensional neighborly cubical polytope with 64 vertices is (4, 12, 12, 4).
Due to (2), to know the scaled h-vector of a neighborly cubical polytope is equivalent to
knowing its f -vector. The relations between the scaled h-vector and the f -vector can be
visualized following an observation of Stanley [13] as adapted by Lee in [8]. We replace the
numbers
(
i
i
)
of Pascal’s triangle by the components hi for 0 ≤ i ≤ d− 1 and the numbers
(
i
0
)
by the numbers 2n−d+i for 0 ≤ i ≤ d, then we compute the internal entries as the upper left
neighbour plus two times the upper right neighbour. The f -vector of the neighborly cubical
polytope emerges in the (d)th row of this modified Pascal’s triangle.
Example. We compute the f -vector of a 4-dimensional neighborly cubical polytope with 64
vertices by using the above method.
4
8 12
16 32 12
32 80 56 4
f = (64 192 192 64)
Lemma 1 (Adin (47) in [1]). Let P be a neighborly cubical d-polytope, then for the scaled
h-vector of P we have:
(i) hi = hd−i−1 for 0 ≤ i ≤ d− 1,
(ii)
d−1∑
i=0
(−1)ihi = 1 if d is odd.
Lemma 2. Let P be a neighborly cubical d-polytope with 2n (n ≥ d ≥ 2) vertices, then
hi(P ) = fi(C
n−d+i) for all 0 ≤ i ≤
⌊d
2
⌋
− 1,
where Cn−d+i denotes the (n− d+ i)-cube.
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Proof. According to (1) and the definition of the scaled h-vector, we have to show that for
all 0 ≤ i ≤ ⌊d2⌋ − 1,
i∑
k=0
(−1)i−k2k−d
(
d− k − 1
d− i− 1
)
fk(C
n) = fi(C
n−d+i).
The above equation is equivalent to the following one:
(3)
i∑
k=0
(−1)i−k
(
d− k − 1
d− i− 1
)(
n
k
)
=
(
n− d+ i
i
)
.
Equation (3) can be proved by induction (for a proof of an analogous combinatorial identity
see e.g. [7, Theorem 9.2.2]). 
The following proposition gives the components of the scaled h-vector of a neighborly
cubical polytope.
Proposition 1. The scaled h-vector (h0, . . . , hd−1) of a d-dimensional neighborly cubical
polytope with 2n (n ≥ d ≥ 2) vertices is given by
hi =


2n−d
(
n− d+ i
i
)
for i ≤ ⌊d2⌋ − 1
n−d∑
j=0
2j
(
d−3
2 + j
j
)
for i = d−12 if d is odd
2n−d
(
n− i− 1
d− i− 1
)
for i > ⌊d2⌋ − 1
Proof. We have to verify the statement concerning the middle component of h assuming that
d is odd (other cases follow directly from Lemma 1 and Lemma 2). We prove by induction
on the integer n. If n = d, then the statement is obvious, because we have the d-cube in
question. Otherwise, by using Lemma 1, Pascal’s rule
(
m
k
)
=
(
m−1
k−1
)
+
(
m
k−1
)
and the induction
hypothesis, we establish the statement for any integer n ≥ d. 
Remark 1. One can observe the following relation between the simplicial h-vector h(s) of a
neighborly simplicial d-polytope S and the scaled h-vector h of a neighborly cubical (d+ 1)-
polytope C (assuming that d is odd):
h(s)(S) = 2n−d−1h(C)
Lemma 3. The scaled h-vector of a neighborly cubical polytope is log-concave.
Proof. Let P be a d-dimensional neighborly cubical polytope with 2n vertices and with the
scaled h-vector (h0, . . . , hd−1). First, we assume that d is even. Let m = d/2 − 1. The
log-concavity of (h0, . . . , hm) (and also the log-concavity of (hm+1, . . . , hd−1) because of the
symmetry) follows from Theorem 1 of Su and Wang [15]. From Proposition 1, it is clear
that (h0, . . . , hm) is increasing and (hm+1, . . . , hd−1) is decreasing, therefore the whole scaled
h-vector of P is log-concave.
Now we assume that d is odd. Let us denote ⌊d2⌋ − 1 by m and 2
n−d
(
n−d+m+1
m+1
)
by h. Due
to the above reasoning, we obtain that (h0, . . . , hm) and (h0, . . . , hm, h) are both log-concave.
Using the identity
(
l+1
k+1
)
=
(
l
k
)
+
(
l−1
k
)
+· · ·+
(
k
k
)
, one can show that hm < hm+1 < h, therefore
the whole scaled h-vector of P is log-concave. 
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Proposition 2. The f -vector of a neighborly cubical polytope is log-concave, hence unimodal.
Proof. Corollary 8.3 in [4] states that the positive vector b = (b0, . . . , bd−1), where
bk =
k∑
i=0
(
d− i− 1
d− k − 1
)
ai, for 0 ≤ k ≤ d− 1,
is log-concave if a = (a0, . . . , ad−1) is a positive log-concave vector. Since the componentwise
product (Schur product) of two log-concave vectors is log-concave as well, Corollary 8.3
implies that the positive vector c = (c0, . . . , cd−1), where
ck = 2
d−k
k∑
i=0
(
d− i− 1
d− k − 1
)
ai, for 0 ≤ k ≤ d− 1,
is log-concave if a = (a0, . . . , ad−1) is a positive log-concave vector. Due to (2), the f -vector
of a neighborly cubical polytope can be given by
fk = 2
d−k
k∑
i=0
(
d− i− 1
d− k − 1
)
hi, for 0 ≤ k ≤ d− 1.
By Lemma 3, the scaled h-vectors of the neighborly cubical polytopes are always log-concave.
Consequently, we obtain that the f -vectors of the neighborly cubical polytopes are log-concave
indeed. 
Joswig and Ziegler (Corollary 19. in [6]) gave a formula for the number of facets of neigh-
borly cubical polytopes. The following proposition gives the complete f -vector of neighborly
cubical polytopes. This proposition can be proved by using the concept of the scaled h-vector
and its properties given in Proposition 1. The proof is completely analogous to the proof of
the corresponding result of neighborly simplicial polytopes (see e.g. [16], Section 8.4).
Proposition 3. The f -vector (f0, . . . , fd−1) of a d-dimensional neighborly cubical polytope
with 2n (n ≥ d ≥ 2) vertices is given by
fk =


2n−k
d−2
2∑
i=0
((
d−i−1
k−i
)
+
(
i
k−d+i+1
))(
n−d+i
i
)
if d is even
2n−k
( d−3
2∑
i=0
((
d−i−1
k−i
)
+
(
i
k−d+i+1
))(
n−d+i
i
)
+
n−d∑
j=0
2−j
( d−1
2
d−k−1
)(n− d+3
2
−j
n−d−j
))
if d is odd
Corollary. For every positive integer d, there is an integer N(d), such that for all n ≥ N(d)
the face vector of a neighborly cubical d-polytope with 2n vertices peaks at ⌊2(d− 1)/3⌋.
Proof. The proof is based on straightforward computations, we give only the main steps of
the proof. Let fk(d, n) denote the k
th component of the f -vector of a neighborly cubical
d-polytope with 2n vertices. Let l = ⌊2(d − 1)/3⌋ and m = ⌊(d − 2)/2⌋. We have to show
that fl−1(d, n) ≤ fl(d, n) and fl(d, n) ≥ fl+1(d, n) if n is large enough. The latter inequality
follows directly from Theorem 1 in [10].
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First, let d be even. According to the formula of Proposition 3, we have to show that for
large n,
m∑
i=0
((
d−i−1
l−i
)
− 2
(
d−i−1
l−1−i
)
+
(
i
l−d+i+1
)
− 2
(
i
l−d+i
))(
n−d+i
i
)
≥ 0
We deal with the first m terms and the last term of the above sum separately. It can be
shown that the following sum is less than the above one
(
n−d+m
m
)
− 2 ·
m−1∑
i=0
(
d−i−1
l−1−i
)(
n−d+i
i
)
Consequently, it is enough to prove that this sum is non-negative for large n. By using the
identity
(
a+1
b
)
=
(
a
b
)
+
(
a−1
b−1
)
+ · · ·
(
a−b
0
)
, we obtain that
2 ·
m−1∑
i=0
(
d−i−1
l−1−i
)(
n−d+i
i
)
≤ 2 ·
(
d
l−1
)(
n−d+m−1
m−1
)
≤
(
n−d+m
m
)
if n ≥ 2m ·
(
d
l−1
)
+ d−m.
Now, let d be odd. To prove that fl−1(d, n) ≤ fl(d, n) we need to investigate the second
summation of the formula in Proposition 3 for odd d:
ak = 2
n−k
n−d∑
j=0
2−j
(
m+1
d−k−1
)(
n−m−j
n−d−j
)
for 0 ≤ k ≤ d.
Due to the proof of the case of even d, we have fl−1(d, n) − al−1 ≤ fl(d, n) − al, hence it
remains to prove that al−1 ≤ al. Since al − al−1 ≥ 0 if((
m+1
d−l−1
)
− 2
(
m+1
d−l
))
·
n−d∑
j=0
2−j
(
n−m−j
n−d−j
)
≥ 0
it is enough to verify that
(
m+1
d−l−1
)
− 2
(
m+1
d−l
)
≥ 0. Therefore, we obtain that the positivity of
al − al−1 does not depend on n. 
Remark 2. By estimating the f -vectors of cyclic polytopes (with Stirling’s formula), Ziegler
[17] showed that the f -vector of a cyclic polytope with n vertices approximately peaks at
⌊3(d − 1)/4⌋ if n is large compared to d. Analogously to the above corollary, one can prove
that for every positive integer d, there is a positive integer N(d), such that for all n ≥ N(d)
the face vector of a cyclic d-polytope with n vertices peaks at ⌊3(d − 1)/4⌋. According to
computer experiments, Schmitt conjectured (Conjecture 2.4.3 in [11]) that for every positive
integer d, N(d) can be less than or equal to d2.
Conjecture. Let d be a positive integer. For every ⌊d/3⌋ ≤ k ≤ ⌊2(d − 1)/3⌋, there is a
neighborly cubical d-polytope, whose face vector peaks at k.
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